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Two-Dimensional Numerical Simulation of Shear-Layer Optics

Y. P. Tsai* and W. H. Christiansenf
University of Washington, Seattle, Washington 98195

Two-dimensional Euler equations are solved directly using the second-order, explicit, MacCormack predictor-
corrector and Godunov methods alternately for the investigation of free-shear-layer optical properties. The optical
effects of coherent structures in the mixing layer are identified. As expected, far-field optical quality of a laser
beam is degraded the most when a laser beam passes through the edge of the large eddies. The far-field optical
performance can be improved significantly by controlling the coherent structures in the mixing layer. The
growth of shear layer is retarded by fundamental frequency forcing, and it is found the Strehl ratio is the highest

in the nongrowth region.

1. Introduction

HE plane free shear layer generated by the mixing of two

coflowing fluid streams is geometrically simple and is
illustrated in Fig. 1. This simple flow configuration is impor-
tant in mixing processes and is encountered in many other
engineering applications. The extraction of power from high-
power gas lasers, for example, often involves passing the
beam through the interface between gases of different indices
of refraction. Shear layers can produce random phase errors
in the beam that can substantially reduce the maximum
intensity to which the beam can be focused. The main pur-
pose of this research is to understand the factors which
influence optical degradation and to make useful predictions
or correlations with respect to the flow parameters.

In order to understand the optical properties of the shear
layers, it is necessary to understand their basic fluid mechan-
ics. Many recent experiments have confirmed that large-scale
coherent structures are intrinsic features of a plane mixing
layer over a wide range of Reynolds numbers.!? The plane
mixing layer consists of an array of large eddies of concen-
trated spanwise vorticity. These quasi-two-dimensional large
rollers are responsible for the transport of mass and momen-
tum. In the past, the investigations of shear-layer optical
properties were based on the assumptions that the natural
shear layers were stationary and isotropic. There has been no
study of the optical effect of large-scale structures which exist
during the course of shear-layer development. One purpose of
this work is to identify the optical effect of coherent struc-
tures. The features of the far-field intensity distribution pat-
tern are caused by the large eddies as evidenced by
experiments, and this is further confirmed by this simulation.
It is found experimentally that the shear-layer flow pattern
can be altered easily by introducing external perturbations
near the point of initial mixing.** Since the spreading rate and
the density profile can be changed drastically by perturbing at
a particular frequency with appropriate amplitude, then a
concomitant question arises: could the optical effect of the
shear layer be controlled, and how? Another purpose of this
research is to seek out the method of improving optical
performance in the far-field by controlling of the mixing layer.
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Since the basic vortex dynamics in a shear layer are essen-
tially inviscid, it is expected that significant results can be
obtained by simulating the Euler equations. By alternating the
MacCormack explicit, predictor-corrector and Godunov
schemes,®’ the two-dimensional Euler equations can be solved
directly and the density field obtained for optical studies. In
Sec. II, we discuss the numerical method, initial conditions,
and boundary conditions briefly. A detailed description of
this numerical algorithm will be given in a separate paper. In
Sec. II1, the fluid dynamical statistics of the computations are
given for both “natural” (to simulate a naturally developing,
free shear layer, artificial perturbations are needed; see Sec. II)
and forced shear layers. These results are compared with
available experimental or numerical data for validation pur-
poses. Optical statistics are presented in Sec. IV in parallel
with a discussion of the physics upon which the optical effects
of coherent structures are understood.

II. Governing Equations and Numerical Method

Based on the assumptions that there are no external heat
addition and body forces, the compressible Euler equations in
two-dimensional Cartesian coordinates can be written as

o oF oG _

a Tty 0

where U, F, and G are vectors given by

p ;2)u pv

_ pu _ pu-+p puv
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Here x is the streamwise coordinate, and y is the cross-stream
coordinate (see Fig. 1). The equations written in conservation
law form represent the conservation of mass, momentum, and
total energy of inviscid fluid motions. The variables p, pu, pv,
and e are mass, streamwise momentum, cross-stream momen-
tum, and total energy, respectively, all per unit volume. The
variable, p, is the pressure. For an ideal gas, the pressure is
related to the equation of state

p=@—1pe 2

where ¢ is the specific internal energy and y is the ratio of the
specific heats, i.e., y = ¢, /c,. Throughout this paper the value
of y is taken as 1.40.

The numerical code used in the current work is intended for
the direct simulation of the two-dimensional compressible
Euler equations [Eq. (1)] with no subgrid scale turbulence
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Fig. 1 Flow configuration and geometry.

model. The code uses finite volume techniques, which involve
alternating in time the second-order, explicit MacCormack
and Godunov methods. The state variables p, u, v, and e are
calculated at the center of each computational cell, which is
square mesh. A grid system at resolution of 200 x 50 is
adopted. The computational domain is 16 cm long and 4 cm
high. (Note that there exists a scaling relationship in this
simulation, e.g., if all the length scales in the system are
increased by a factor “M,” the calculated results can be
interpreted as having all frequency components reduced by
the same factor “M” provided that all the other parameters
are kept the same.)

Two air streams are modeled, each with different enthalpy,
so that the density ratio is 1.1 at a velocity ratio of 0.5. The
two freestream velocities are U, =7.04 x 10°cm/s (M =0.2)
and U,=3.52 x 10°cm/s; the densities are p,=1.2019 x
1073 g/cm® and p,=1.1p,. A hyperbolic-tangent velocity
profile is adopted for the initial streamwise velocity distribu-
tion at the splitter plate such that the initial momentum
thickness of the shear layer is 0.04 cm. However, in the initial
density profile, there is a discontinuity at the contact surface.
The pressure everywhere is 1 atm, and the y component of the
velocity is zero.

Both mass flux and energy flux are kept constant as the
inflow boundary conditions. Based on the hypothesis that the
top and bottom boundaries are streamlines, the numerical
boundary conditions used there are v =0 and dq/dy =0
where ¢ is p, u, or e. For the outflow boundary condition, the
pressure is assumed to be constant.

It has been shown that in order to resolve the large-scale
structures in a mixing layer using an Euler code, unsteady
boundary conditions must be applied.® In this case, at the
inlet plane, a periodic forcing is introduced to simulate the
“natural” mixing layer. The forcing frequencies consist of the
fundamental frequency and the first three subharmonics of
the shear layer. The fundamental frequency satisfies the
Strouhal number criterion which is derived from Rayleigh’s
inviscid, linear stability theory.® In this case, the fundamental
frequency is 4.227 kHz. Furthermore, the forcing is modified
by incorporating random phases to the Rayleigh model to
simulate random pairing of two neighboring vortices.'”

IT1. Fluid Mechanical Results and Discussions

Figure 2 shows a sequence of instantaneous flow visualiza-
tions of the density field, and Fig. 3 is that of the vorticity
distributions for the natural shear layer. The time interval Az
between the consecutive pictures is 0.168 ms. These figures
clearly show the pairing phenomena between two vortices.
Experimental evidence of the pairing process was observed
and reported in many sources."> After the merging interac-
tions among neighboring eddies, the newly formed large
vortex convects downstream at nearly constant velocity,
which is nearly the average of the two freestream velocities.
This is verified by measuring the distance traveled by the
center of large eddy during the time interval Az = 0.168 ms in
Figs. 2 and 3. The physical explanation is that the vortex
sheet downstream of the trailing edge of the separation plate
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Fig. 2 Isodensity contour plots for the natural shear layer;
At = 0.168 ms.
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Fig. 3 Isovorticity contour plots for the natural shear layer;
At = 0.168 ms.

rolled up into vortices via the Kelvin-Helmholtz instability
mechanism. However, these spanwise vortex cores are un-
stable to subharmonic disturbances and then merge with each
other to form a larger structure. This vortex amalgamation
process occurs randomly in space and time, and it is responsi-
ble for the linear growth of the mixing layer. The growth rate
calculated is 0.120 for the natural shear layer with velocity
ratio 0.5 and density ratio 1.1; while that obtained using the
incompressible formula derived by Papamoschou and
Roshko!! is 0.114.
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In the plane free shear layer, the size of the coherent
structures is comparable to the transverse length scale of the
mixing layer. The time scale of vortex pairing is too short for
significant viscous effects; therefore viscous effects are negligi-
ble, and the coherent structure dynamics are inviscid in
nature. The adjacent structures are connected by braids which
are regions of low vorticity and highly strained. Examining
these figures carefully, it is found that the center of the shear
layer moves toward the low-speed side. There are more irrota-
tional fluid particles entrained from the high-speed side than
that from the lower-speed side in the mixing region. Entrain-
ment asymmetry is an important feature of the spatial shear
layer, and this result is consistent with the experimental
evidence'? and other numerical simulations.'

In the fully developed region (x > 8 cm in this case), statis-
tics of the fluid dynamical variables such as streamwise veloc-
ity, rms u fluctuations and rms v fluctuations show that the
flow is self-similar. Furthermore the magnitude of these per-
turbations and the mean Reynolds stress are all of the correct
magnitude and distribution.®* An example of the mean
Reynolds stress distribution is shown in Fig. 4a for the case of
Fig. 2. An example power spectral distribution is also shown
in Fig. 5. Note that the distribution is fairly continuous.
Subsequent calculations show that the spectrum moves to-
ward lower frequencies with streamwise distance, and new
frequencies are continually generated, fully suggestive of that
for the mixing layer. On the average, the size of structures and
their mean spacing increase with distance downstream of the
initial point of mixing, which is required by the similarity
properties of the mean flow. The mean spacing between the
large eddies is approximately equal to 0.3x, which is consis-
tent with the experimental analysis of Brown and Roshko.!
The similarity property is another important feature of the
fully developed free shear layer and which is observed in
many experiments. '
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Fig. 4 Lateral distribution of Reynolds stress for the shear layer;
4, =05, i,=11.
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For the forced cases, Fig. 6a shows an example of a
snapshot picture of a density field under fundamental fre-
quency forcing. Figure 6b is also the instantaneous isodensity
plot, but the forcing frequency is at the subharmonic fre-
quency. It is seen that in these forced cases, there is a region
downstream of the splitter plate within which the shear layer
stops growing. Vortex pairing is suppressed within this “non-
growing” region, and calculations indicate that the growth
rate of the time-averaged momentum thickness is zero in this
region. For the case of fundamental frequency forcing, this
behavior occurs earlier in space; while for the subharmonic
surging, the mixing layer develops quickly due to merging of
two vortices and then growth stops. In this region of zero
growth rate, the calculated lateral distribution of the
Reynolds stress is negative all across the layer as shown in
Fig. 4b. This phenomenon was observed experimentally by
Oster and Wygnanski® and also in the numerical simulation
by Riley and Metcalfe.!® The trends of the computed results
to experiments and numerical results of others lend full
confidence that the code has been validated satisfactorily.

IV. Shear-Layer Optical Statistics
Referring to Fig. 1, the diffraction coordinate system (x,z)
is the finite aperture plane, and (x4,z,) is the system of
observation plane in the far field (not shown). The two planes
are parallel to each other, and L is the distance between them.
Applying the Huygens-Fresnel principle and assuming that
the Fraunhofer diffraction condition

L>g(x2+zz)

is satisfied, where 2 is the wavelength of the beam, then the

o1 = Power density
- = 9.6 cm, y = 0.

e (\

[ S U {\ l

Tog(s) 'I

——|—

o W

P T S R
2.5 3.0 3.5 4.0 4.5 5.0

Jog {f}

Fig. 5 Power density spectrum for the natural shear layer; 4, =0.5,
4,=11 and x =9.6 cm, y =0.
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Fig. 6 Instantaneous density plot for the forced shear layer.
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Fig. 7 Instantaneous optical phase variation for the natural shear
layer.

electric field amplitude A at point (x,,z,) can be written as'®!”

1 , k
A(xg,20) = L exp( jkL) eXP[J 3T (x5 + Z%)}

X ijrw A(x,2) expli ——jj—z (xox + zoz):, dx dz (3)

where j=./—1, and k =2n/ is the wave number. The
integral in the preceding equation is simply the two-dimen-
sional Fourier transform of the aperture function A(x,z),
assessed at spatial frequencies f, = xo/AL and f, =z,/AL.
The far-field intensity profile is the modulus square of the
Fourier transform of the near-field incident wave distribu-
tions. For a uniform, monochromatic, and coherent circular
beam with no aberrations, the far-field intensity distribution
pattern is circular, which is called the Airy pattern. A phase
shift of = between the left half and right half of the circular
beam will produce two symmetric bright spots and zero
intensity on the axis in the far field, but the peak intensity is
only 47% that of the diffraction limited case. A phase error
magnitude in the beam of this order can be quite common
during the interaction between laser and shear layer. So it is
clear that phase distortion of a coherent light beam plays a
very important role in determining the far-field properties of
the beam.

The optical effects of the shear layer are calculated by
passing a laser beam through it with circular aperture and
uniform phase. The far-field focal plane intensity distributions
measure the optical quality of the shear layer. The Strehl
ratio, SR, which is defined as the ratio of the maximum light
intensity of the diffraction pattern to that of the same optical
system without aberrations, will be used to evaluate the
optical quality quantitatively.

Considering a thin lens approximation and assuming no
absorption of light within the shear layer, the only effect of
the layer is to change the phase of the incident coherent wave.
The index of.refraction for a gas is given by

n=1+pL2 )

s

where f is the Gladstone-Dale constant, p is the gas density,
and p, is the density at standard conditions. The phase change
of the laser beam traversing the mixing layer is then given by

2r (v p(x,,0)
) == s dicar] 5
o(x,0) 7 L B ). y (%)

where w is the thickness of layer. For air at standard con-
ditions #/p, =0.244 cm?/g. In this simulation, A is chosen
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Fig. 8 Time-averaged Strehl ratio at different beam sizes for the
natural shear layer; 4, =0.5, i, =1.1.

equal to 6328 A. A typical example which shows the variation
of phase error ¢ as a function of the streamwise coordinate x
for an instantaneous natural mixing layer is illustrated in Fig.
7. The variation of ¢ grows larger downstream, and the
turbulent scale also increases with x. This is correlated with
the linear growth of the layer. Since the shear layer is two-di-
mensional, ¢ is independent of z. Suppose now the shear layer
is uniformly illuminated by a circular, normally incident,
monochromatic plane wave of unit amplitude. Then we have

A(x,z,t) = T(x,z)eﬂp(X,t) 6)

where T'(x,z) is the amplitude transmittance function defined
by

I ifx?+2z2<r?

Tx.2) {0 otherwise

and r is the radius of the aperture (or radius of the beam).
Carrying out the two-dimensional Fourier transform integra-
tion, first the field amplitade A(x,,z,) at a particular point
(x9,2o) in the far field and then the far-field intensity at (x,z,)
are obtained. As the time scale of fluid motion is much longer
than the time for light to traverse the layer, one can calculate
the far-field intensity distribution due to the flow at a fixed
instant and recalculate it at the next instant and so on.
Repeating this many times, the resulting ensemble averaged
far-field intensity distribution would represent the_time-aver-
aged distribution. The time-averaged Strehl ratio SR is plot-
ted in Fig. 8 as a function of x, at two different beam sizes,
where x, is the streamwise location of the beam center. Beam
degradation is more severe for the larger size beam, and both
appear to approach an asymptotic value. For the smaller
beam, this trend starts earlier. The principal mechanism of
beam degradation is explained as follows. The mixing layer
produces random phase fluctuations in the incident beam and
results in wavefront aberrations in the near field. The beam
coherency is reduced, and then the peak intensity is lowered in
the far field. For large beams, the scale of the fluid fluctua-
tions (turbulent scale) is smaller than the beam diameter.
Wide angle scattering due to these structures removes optical
energy from the beam and spreads the intensity profile in the
far field. However, for small beams in relation to the fluid
scale, most of the degradation is due to wavefront tilt.

The far-field intensity contour plots are shown in Figs. 9
and 10 for the same beam sizes (r = 2.56 cm) but at different
locations in a natural shear layer {x, = 7.96 cm in Fig. 9 and
x, =10.76 cm in Fig. 10). Note that the far-field coordinates
with respect to the center of the incident beam (x,,z,) are
expressed in terms of AL/D, where D is the diameter of the
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beam. In Fig. 9, the scale of the fluid fluctuations is smaller
than the beam size, and there are two lobes of almost equal
peak value in the scattered far-field intensity pattern. In Fig.
10, the center of the beam moves farther downstream where
the size of the flow disturbance is a fraction of the size of the
beam, and then the shape of the intensity distribution is only
distorted.

Figure 11 gives a typical example plot of the instantaneous
Strehl ratio for the natural shear layer. The corresponding
density field is put at the top of the figure for reference. It
indicates that, at the edge of coherent structures, optical
degradation increases to a local maximum while within the
braid, beam degradation is significantly reduced. The reason
is that in the vicinity of the edge of a large eddy, the phase
variation is large. The bigger the vortex, the larger is the
magnitude of the variation. In the region of a braid or vortex
core, the density distribution is relatively uniform, and these
regions generate less optical degradation. Using the electronic
imaging system which consists of a charge coupled device
(CCD) camera array of 256 x 256 photodiodes, an image
processor, and a microcomputer, experimental measurements
of the Strehl ratio can be carried out.> Although the experi-
mental results include the effects due to molecular diffusion
and streamwise vortices, which appear beyond the so-called

Fig. 9 Instantaneous far-field intensity distribution; x, =7.96 cm,
r =2.56 cm.
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Fig. 10 Instantaneous far-field intensity distribution; x, = 10.76 cm,
r =2.56 cm.
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“transition region,”'® the general trends of the numerical
simulation and experiment are similar.

The simplest and most natural way of modifying the mixing
layer is to perturb the layer by external, periodic disturbances.
Forcing with fundamental or subharmonic frequency pro-
duces controlled coherent structures. In the nongrowing re-
gion of the shear layer, amalgamation of neighboring vortices
are inhibited, and the mixing layer consists of an' array of
large eddies in the lateral direction with no interactions. These
large eddies, which are equal in size, result in the amplitude of
the phase variation being small [see Eq. (5)], which in turn
improves the optical performance in the far field. Figure 12
presents this important result. Comparing Figs. 8 and 12, we
find that beam degradation is indeed reduced significantly
within the nongrowing region. Referring to Fig. 8, for the
natural shear flow at x, = 12 cm and beam size r = 1.28 cm,
the Strehl ratio is 0.6 approximately, whereas in the case of
corresponding subharmonic forcing, the Strehl ratio is above
0.9, which is a significant improvement.
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Fig. 11 Instantaneous Strehl ratio for the natural shear layer.
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Fig. 12 Time-averaged Strehl ratio at different forcing frequencies.
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The thickness of the mixing layer in the region of no
growth is controlled by the forcing frequency and increases
with decreasing forcing frequency. This explains why forcing
at the fundamental frequency yields a higher value in Strehl
ratio than at subharmonic forcing, provided that the beam
sizes are the same. The shear layer excited by the fundamental
frequency has a region of zero growth rate near the initial
point of mixing, but the region for the first subharmonic
forced case is farther downstream from the initial point of
mixing (see Figs. 6a and 6b). If beam performance improve-
ment is needed in the region near the point of mixing, the
method of fundamental frequency forcing should be applied;
otherwise the methods of subharmonic forcing may be used
(see Fig. 12). )

V. Conclusions

A numerical simulation of the spatially developing plane
shear layer and its optical properties have been performed for
the free shear with velocity ratio 0.5 and density ratio 1.1.
Introducing random phases to the forcing modes makes the
simulation of a natural mixing more realistic. In the forced
mixing layer, a region of nongrowth was identified, which is
crucial to optical quality improvement in the far field. It is
found that, at the edge of coherent structures, the optical
quality is the worst. For a relatively large size beam, degrada-
tion is correlated to the turbulence structures of the mixing
layer. For a small size beam, however, the main degradation
mechanism is. wavefront tilt. Beam degradation is found to
increase with increasing beam diameter and increasing turbu-
lence integral scale. The Strehl ratio can be significantly
enhanced by retarding the growth of the mixing layer via
fundamental frequency forcing. Numerical simulation pro-
vides a method of which it is easy to change the flow and
optical parameters for a systematic investigation of the inter-
action between shear layer and lasers. Additional work in this
area is forthcoming. ’
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